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DEGENERATION OF RICCI-FLAT CALABI-YAU 
MANIFOLDS AND ITS APPLICATIONS 

YUGUANG ZHANG 


Abstract. This is a survey article of the recent progresses on the metric 
behaviour of Ricci-flat Kahler-Einstein metrics along degenerations of 
Calabi-Yau manifolds. 


1. Introduction 

A Calabi-Yau manifold X is a simply connected complex projective man¬ 
ifold with trivial canonical bundle wx — Ox, and a polarized Calabi-Yau 
manifold {X, L) is a Calabi-Yau manifold X with an ample line bundle L. 
Note that the definition of Calabi-Yau manifold varies according to the doc¬ 
uments, and we use this one for our convenience. For example, if f is a 
generic homogenous polynomial of degree degf = n-|- 1, n ^ 3, such that the 
hypersurface 

^ = {[2^0, ■■■ ,Zn] & CP"|f(2:o, • • • ,Zn) = 0 } 

is smooth, then X is a Calabi-Yau manifold, and the restriction Ocp"(1)|a 
of the hyperplane bundle is an ample line bundle. The study of Calabi-Yau 
manifolds became very important in the last four decades, and readers are 
referred to the survey articles and books [1051 llOdt [35l 03] for the complete 
aspects on Calabi-Yau manifolds. The present paper surveys the recent 
progresses on metric properties of Calabi-Yau manifolds. 

In the 1970’s, S.-T. Yau proved the Calabi’s conjecture in [102j . which 
asserts the existence of Ricci-flat Kahler-Einstein metrics on Calabi-Yau 
manifolds. 

Theorem 1.1 (Calabi-Yau Theorem). If X is a Calabi-Yau manifold, then 
for any Kdhler class a G H^’^{X,M.), there exists a unique Ricci-flat Kahler- 
Einstein metric u £ a, i.e. 

Ric(a;) = 0. 

This theorem is obtained by showing the existence and the uniqueness of 
solution of Monge-Ampere equation 

(a;o-b = (—l)^fl A n, sup(/? = 0, 

for a given background Kahler metric ujq ^ a, where is a holomorphic 
volume form, i.e. a nowhere vanishing section of wx- The Kahler metric 
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uj = uq + y/—lddip has vanishing Ricci curvature, and the Riemannian 
holonomy group of w is a subgroup of SU (n). Conversely, a simply connected 
Riemannian manifold with holonomy group a subgroup of SU (n) is a Kahler 
manifold with trivial canonical bundle, and if it is projective, it is a Calabi- 
Yau manifold by our dehnition. In fact, Calabi-Yau manifolds play some 
roles in physics, precisely the string theory, because the holonomy group of 
Ricci-flat Calabi-Yau threefolds is SU{3) (cf. [43]). It makes perfect sense 
to understand the interaction between the metric properties of Ricci-flat 
Kahler-Einstein metrics and the algebro-geometric properties of underlying 
Calabi-Yau manifolds. 

Denote 5[)I(Y) the set of all Ricci-flat Kahler-Einstein metrics on Calabi- 
Yau n-manifolds with the same underlying differential manifold X. There 
are two parameters of OII(X), one is the complex structure and the other 
is the Kahler class. On a Calabi-Yau manifold X, the Calabi-Yau theo¬ 
rem shows that Ricci-flat Kahler-Einstein metrics are parameterized by the 
Kahler cone Kx C H^’^{X, M), which is an open cone in H^'^{X, M) such that 
a G Kx if and only if there is a Kahler metric representing a. A deformation 
of X means a smooth proper morphism vr : Y —)■ S' for two complex analytic 
varieties X and S such that there is a distinguished point 0 G S satisfying 
Y = 7 r“^( 0 ). A universal deformation vr : Y —^ S is a deformation of X such 
that any deformation vr' : Y' —)• S' of X is isomorphic to the pull-back under 
a unique morphism 4> : S' ^ S. The Bogomolov-Tian-Todorov unobtructed- 
ness theorem (cf. | 88 l [92] ) asserts that the local universal deformation space 
of X exists, and is smooth with tangent space H^{X,Tx) — H'^~^’^(X). 
Thus loosely speaking, 9Jt(Y) is a space of real dimension /i^4 _|_ 
and the tangent space at X is H^’^{X,R) 0 

If TT : Y —>■ S' is a deformation of a Calabi-Yau manifold X, and 7 : [0,1] —?■ 

(J Kxt is a curve where Xt = then we have a family of Ricci- 

teS 

flat Kahler-Einstein Calabi-Yau manifolds s G [0,1], with 

the same underlying differential manifold X by the Calabi-Yau theroem. 
Clearly, is a family of Ricci-flat Kahler-Einstein metrics on X depend¬ 
ing on the parameter s G [0,1] continuously. However, if we degenerate X 
to some singular variety by deforming the complex structure on Y, or de¬ 
generate the Kahler classes to a non-Kahler class, the question arisen is how 
those Ricci-flat Kahler-Einstein metrics behave along such degenerations. 
We certainly do not expect that those metrics converge to another Ricci- 
flat Kahler-Einstein metric on Y, since the degeneration limit would not 
support any Kahler metric in the usual sense anymore, and some dramatic 
phenomena must occur. 

There are several motivations to study this question. Firstly, the Calabi- 
Yau theorem asserts the existence of Ricci-flat Kahler-Einstein metrics by 
solving the Monge-Ampere equation, a fully nonlinear partial differential 
equation, and however, very few of them can be written down explicitly. It 
is desirable to improve our knowledge of Ricci-flat Kahler-Einstein metrics. 
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for example what the manifold with these metrics looks like. One method 
to achieve this understanding is by studying the limiting behaviour of met¬ 
rics along degenerations (cf. Section 2.1). Secondly, the conifold transition 
(or more general extremal transition) provides a way to connect Calabi- 
Yau threefolds with different topology in algebraic geometry (cf. [75]). It 
was conjectured by physicists Candelas and de la Ossa that this process is 
continuous in the space of all Ricci-flat Kahler-Einstein threefolds in [9|. 
Therefore it is important to study how Ricci-flat Kahler-Einstein metrics 
change in this process. Thirdly, there is a nice corresponding between the 
compactifications of the moduli spaces of curves in the algebro-geometric 
sense and the differential geometric counterpart. It is interesting to gen¬ 
eralize such compactification to the case of Calabi-Yau manifolds. Einally, 
Strominger, Yau and Zaslow proposed a conjecture in [85], so called SYZ 
conjecture, for constructing mirror Calabi-Yau manifolds via dual special 
lagrangian fibration. Later, a new version of SYZ conjecture was proposed 
by Kontsevich, Soibelman, Gross and Wilson (cf. [SHIIMIESI) by using the 
collapsing of Ricci-flat Kahler-Einstein metrics. In both cases, it is needed to 
understand the metric behaviour of Ricci-flat Kahler-Einstein metrics when 
complex structures degenerate to the large complex limit. 

Now we have a relatively clear picture of the so called non-collapsing limit 
behaviour of Ricci-flat Kahler-Einstein metrics due to many recent works 
by various authors (cf. |76l [73l Ell [Ml IMl EH |23| etc.). We say a sequence 
{Xk^Qk) of Riemannian manifolds non-collapsed, if there is a constant a > 0 
such that 


Volg,(Rg,(p,l)) ^ K, 

for any metric I-ball Rg^(p, I) C Y^, and otherwise, we say {Xk-,gk) col¬ 
lapsed. Roughly speaking, our current understanding can be summed up as 
the following: the non-collapsing of Ricci-flat Kahler-Einstein metrics in the 
differential geometric sense is equivalent to the degeneration of Calabi-Yau 
manifolds to certain irreducible normal varieties in some algebro-geometric 
sense. The goal of this paper is to survey these progresses. 

This paper is organized as the following. Section 2 is the preparation 
for the results reviewed in this paper. In Subsection 2.1, we recall an ear¬ 
lier theorem due to R. Kobayashi on K3 surfaces. Many later works in 
this paper, more or less, can be regarded as generalizations of this result. 
In Subsection 2.2, we recall the generalized Calabi-Yau theorem for nor¬ 
mal varieties due to Eyssidieux, Guedj, and Zeriahi, and in Subsection 2.3, 
we review Cheeger-Colding’s theory on the Gromov-Hausdorff convergence 
of Riemannian manifolds with bounded Ricci curvature. Section 3 studies 
the convergence of Ricci-flat Kahler-Einstein metrics along degenerations 
of Calabi-Yau manifolds. In Subsection 3.1, we survey the papers [731E1I, 
which study the convergence of metrics under the assumption of degenera¬ 
tions, and in Subsection 3.2, we review a theorem due to Donaldson and Sun 
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[23], which study the algebro-geometric property of limits in the Gromov- 
Hausdorff convergence. Subsection 3.3 establishes the equivalence between 
the Gromov-Hausdorff convergence and the algebro-geometric degeneration 
in the non-collapsing case. Those results are from (93] [EU |99]. In Section 
4, we apply the works reviewed in Section 3 to obtain a completion for the 
modnli space of polarized Galabi-Yan manifolds, which is in [106] . Section 
5 studies the effect of surgeries in algebraic geometry on Ricci-flat Kahler- 
Einstein metrics. In Subsection 5.1, we recall the theorem in [94] hrst, which 
shows the convergence of metrics along degenerations of Kahler classes while 
keeping the complex structure fixed. Then we recall the result of [73] for 
the metric behaviour under flops, and apply it to the connectedness prop¬ 
erty of birational equivalent Galabi-Yau threefolds. Subsection 5.2 surveys 
the metric behaviour of Ricci-flat Kahler-Einstein metrics under extremal 
transitions in m, which proves the conjecture due to Candelas and de la 
Ossa. In Section 6, we briefly review the collapsing of Galabi-Yau manifolds, 
where our knowledge is much less complete than the non-collapsing case. Fi¬ 
nally, we give an analytic proof of a finiteness theorem for polarized complex 
manifolds in Appendix A, which is a joint work with Valentino Tosatti. 
Acknowledgements: The author would like to thank Xiaochun Rong, 
Wei-Dong Ruan, Mark Gross and Valentino Tosatti for collaborations, which 
lead to many of works surveyed in this paper. This article is an extension 
of the invited talk that the author gave at the conference ’Uniformization, 
Riemann-Hilbert Correspondence, Galabi-Yau Manifolds, and Picard-Fuchs 
Equations’ at Institut Mittag-Leffler. The author thanks the organizers 
for the invitation, and Institut Mittag-Leffler for the hospitality. Finally, 
the author thanks Gross, Tosatti, Takayama and Zhenlei Zhang for some 
comments. 


2. Preliminaries 

2.1. Ricci-flat Kahler-Einstein metrics on K3 surfaces. In this sub¬ 
section, we recall some earlier works on Ricci-flat Kahler-Einstein metrics 
on K3 surfaces, which stimulate the recent works surveyed in this paper (at 
least those works of the author). 

Let T be a complex two torus, i.e. T = C^/A where A = is a lattice. 
The Kummer K3 surface X is constructed as the following. There is a Z 2 - 
action on T by —1 : (^ 1 , 2 : 2 ) (—zi,— 22 ), and the quotient X = r/Z 2 

is a complex orbifold with 16 ordinary double points as singularities. The 
holomorphic 2-form 12 = dzi A dz 2 is invariant under this Z 2 -action, and 
hence descends a holomorphic volume form on X in the orbifold sense. We 
say X a Galabi-Yau orbifold. The crepant resolution vf : A —)■ A is obtained 
by replacing the singular points by (—2)-curves Ei, • • • , Eiq, which is a K3 
surface called the Kummer K3 surface. Note that there is flat orbifold Kahler 
metric a; on A induced by the standard flat metric on the torus T, and n*uj 
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represents a non-Kahler semi-ample class. And 

16 

as = [^*uj\-s'^aiEi, sG(0, 1], 
i=l 


is a Kahler class for 0 < a* <C 1, i = 1, • • • ,16. 

The Calabi-Yau theorem shows the existence of Kiihler-Einstein metrics 
for K3 surfaces. In the case of Kummer K3 surface, there is an alternative 
proof without using partial differential equations due to Topiwala in [97] (See 
also [58| for the related work), where the twistor theory and the deformation 
theory of complex structure are used. It was expected that the curvature 
of the Ricci-flat Kahler-Einstein metric representing ag on a Kummer K3 
surface would concentrate around the 16 (—2)-curves (cf. [281 [68]) when 
s <C 1, and it was verified by R. Kobayashi in [l8], in which the limit 
behaviour of Ricci-flat Kahler-Einstein metrics Og G Og is studied when 
s —>• 0 by a gluing argument. 

Let’s recall this construction. Locally each singular point of X is of the 
form I'L 2 , the quadric cone in C^, and the crepant resolution is the total 
space of 0£pi(—2), which is diffeomorphic to the total space of T*S‘^. We 
denote E the (—2)-curve in 2), and we identify 0£pi(—2)\E with 

(C^/Z2)\{0} by the resolution map. Let p = -|- \z 2 \'^ on C^, which 

descents to a function on C^/Z 2 denoted still by p. Eor any 0 < a ^ 1, if we 
let 


fa{p) = P\ ^ + — + olog(- ), 

\P a+ 


then uia = defines a complete asymptotically locally Euclidean 

(ALE) Ricci-flat Kahler-Einstein metric on called the Eguchi- 

Hanson metric. Note that [wa] = —2aE, and uja converges smoothly to the 

flat metric ujiat = \/—lddp of C^/Z 2 on any compact subset of Of^^i {—2)\E 

when a —)• 0, and uJa ~ ojfiat for p S> I. The curvature of the restriction of 

iOa on E is a~^, and the volume is dvra. 

In 08], a background Kahler metric ujg is constructed such that ujg = uj^ 

2 

on a small neighborhood of Ei, z = I, • • • ,16, and ojg = uj on a big compact 

16 

subset of U The metric ujg is an approximate Ricci-flat 

i=l 

Kahler metric. Let (fg be the unique potential function such that sup pg = 0, 
_ X 

and ujg = ujg + ^/—Iddpg be the Ricci-flat Kahler-Einstein metric. By using 
Yau’s estimate of the Monge-Ampere equation [103] . the explicit bounds are 
obtained in [l8], i.e. 

i) C°-bound: ||(ps ||(70 ^ C'jsp, 

ii) C2-bound: 


(1 - C'|s|2)a;5 ^ Ws ^ (I -h C'|s|2)a;s, 


for a constant C > 0 independent of s, 
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iii) higher order bounds: || Visile''(A) ^ Ck,K\s\‘^, for constants Ck,K > 0 
on any compact subset K C Xreg- 

As a consequence, Os converges smoothly to the standard flat metric u on 
any compact subset K C Xreg when s —>• 0, and the exceptional divisors Ei 
shrink to points. It is clear that {X,Os) converges to {X,uj) in the Gromov- 
Hausdorff sense (cf. Subsection 2.3). Furthermore, the bubbling limits are 
also studied in [58], and it is proved that near any Ei, converges the 

the Eguchi-Hanson metric on O^pi (—2) in a certain sense when s —)• 0. 

The above convergence result is also proved for more general K3 orbifold 
X in |48] with a little weaker bounds for the metric by gluing ALE gravi¬ 
tational instantons obtained by Kronheimer (cf. [56]). Moreover, since any 
Ricci-flat Kahler-Einstein metric on a K3 surface is HyperKahler, this result 
can also be explained as the convergence of metrics along a degeneration of 
complex structures by performing the HyperKahler rotation. Denote I the 
complex structure of X, and let be the holomorphic volume form on X 
with = Ds A Ds. For any s G (0,1], we have a new complex structure Jg 
with corresponding Kahler form and holomorphic volume form 


00 = ReDs, = ImD^ -|- 


and however the respective Riemannian metric does not change. Thus we 
obtain the convergence of metrics along the degeneration of complex struc¬ 
tures Jg. As an application, it is shown in [58] and [59| that one can fill 
the holes in the moduli space of Kahler K3 surfaces by some Kahler K3 
or bifolds. 

The analogue of the above construction was also carried out for a rigid 
Calabi-Yau threefold in [60|. [22| gives a different proof of the result for the 
Kummer K3 surface with less PDE involved. More importantly, Gross and 
Wilson used the gluing argument to prove a theorem about the collapsing 
of Ricci-flat Kahler-Einstein metrics on K3 surfaces in [38]. Here the K3 
surface X is assumed to admit an elliptic fibration f : X ^ B with 24 
singular fibers of type Ii. The background Kahler metric is constructed by 
gluing the semi-flat Kahler-Einstein metric on the part with smooth fibers, 
and the Ooguri-Vafa metric near the singular fibers. Then Yau’s estimate 
of the Monge-Ampere equation gives the proof in [38]. See Section 6 for 
more discussions. Furthermore, the similar gluing arguments were used by 
D. Joyce to construct compact G 2 and Spin{7) manifolds (cf. [44]). 

If we want to generalize the above convergence theorem to higher dimen¬ 
sional Calabi-Yau manifolds, which have more complicated singularities, the 
gluing arguments fail due to many difficulties. One of them is the lack of 
local model like the Eguchi-Hanson metric in the above case. However, re¬ 
cent progresses on the Monge-Ampere equation and the Gromov-Hausdorff 
theory make it possible, if we are willing to sacrifice some explicit estimates. 
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2.2. Calabi-Yau variety. In this subsection, we recall the generalized Calabi- 
Yau theorem due to Eyssidieux, Guedj, and Zeriahi, which asserts the exis¬ 
tence of singular Kahler-Einstein metrics for certain normal varieties. 

Let’s recall some notions hrst. A normal projective variety X is called 1- 
Gorenstein if the dualizing sheaf wx is an invertible sheaf, i.e. a line bundle, 
and is called Gorenstein if furthermore X is Gohen-Macaulay. A variety X 
has only canonical singularities if X is 1-Gorenstein, and for any resolution 
TT : A —)• A, = wx-, which is equivalent to that the canonical divisor 

K,x is Gartier, and 



E 


where E are effective exceptional prime divisors. The ordinary double point, 
i.e. the singularity locally given by 



for n ^ 2, is a simple example of canonical singularity. If A has only 
canonical singularities, then the singularities are rational, and A is Gohen- 
Macaulay (cf. (C) of [TOl Section 3]), which implies that A is Gorenstein. 

A Galabi-Yau variety A is a normal projective Gorenstein variety with 
trivial dualizing sheaf wx — Ox, and having at most canonical singulari¬ 
ties. A polarized Galabi-Yau variety (A, L) is a Calabi-Yau variety A with 
an ample line bundle L. If A has only finite ordinary double points as 
singularities, we call A a conifold. 

There is a notion of Kahler metric for normal varieties (cf. [241 Section 
5.2]). Let A be a normal n-dimensional projective variety. Eor any singular 
point p € Xging and a small neighborhood C/p C A of p, a pluri-subharmonic 
function v (resp. strictly pluri-subharmonic, and pluri-harmonic) on Up is an 
upper semi-continuous function with value in MU{—oo} {v is not locally —oo) 
such that V extends to a pluri-subharmonic function v (resp. strictly pluri- 
subharmonic, and pluri-harmonic) on a neighborhood of the image of some 
local embedding Up ^ C"*. We call v smooth if v is smooth. A form a; on A 
is called a Kahler metric, if a; is a smooth Kahler metric in the usual sense on 
Xreg and, for any p £ Xging, there is a neighborhood Up and a continuous 
strictly pluri-subharmonic function v on Up such that uj = x'—lddv on 
Up n Xreg- We Call u! smooth if v is smooth in the above sense. Otherwise, 
we call oj a singular Kahler metric. If VT-Lx denotes the sheaf of pluri- 
harmonic functions on A, then any Kahler metric u represents a class [w] in 
H^{X,VHx) (cf. Section 5.2 in [21]). H^{X,VHx) = 

if A is smooth. We also have an analogue of Chern-Weil theory for line 
bundles on A (see [24] for details). 

In [24|, a generalized Galabi-Yau theorem is obtained for Galabi-Yau va¬ 
rieties, i.e. the existence and the uniqueness of singular Ricci-flat Kahler- 
Einstein metrics with bounded potentials. The potential function in the 
theorem is proved to be continuous in [25]. 


Y. ZHANG 


Theorem 2.1 (|24|). Let X he a Calabi-Yau n-variety, and uiq be a smooth 
Kdhler form on X. Then there is a unique continuous function (p on X 
satisfying the following Monge-Ampere equation 
_ 2 _ 

(wo + = (—A Q, sup(^ = 0, and y? ^ — C, 

A 

where Ll is a holomorphic volume form, i.e. a nowhere vanishing section of 
the dualizing sheaf wx, such that fx^o = /x(“^) ^ AO. The restriction 
of the singular Kdhler metric uj = wq + y/—lddp on the regular locus Xreg 
is a smooth Ricci-flat Kdhler-Einstein metric, and uj G [wq] S H^{X,'PTLx)- 

The Kahler-Einstein metric oj gives a metric space structure on X^eg , and 
however, unlike the smooth Calabi-Yau case, it is unclear whether u induces 
a compact metric space structure on Y. If Y has only orbifold singularities, 
then cj coincides with the orbifold Ricci-flat Kahler-Einstein metric obtained 
previously in [49], which induces a metric space structure on Y. 

In the general case of Theorem 12.11 little is known for the asymptotic 
behaviour of w and p near the singular locus Xging- Assume that Y is a 
conifold, i.e. Y has only ordinary double points as singularities. For any 
P S Xsing, there is a neighborhood Up <Z X isomorphic to an open subset of 
the quadric Q = {(^O; • • • ^n) S -|- • • • + = 0}. A complete Ricci- 

flat Kahler-Einstein metric ujco is constructed on Q in [83| and previously in 
[9| for n = 3, which is a cone metric. More precisely, if p = + • • • + \zn\‘^, 

then 

( 2 . 1 ) uJco ='/^ddp^~^. 

It is speculated (cf. [lOlj l that tv is asymptotic to iOco near the singular 
point p in a certain sense, for example, ||a; — ^cx)\\c°{Up,u)co) ^ some 

constants C > 0 and e > 0. It is clearly true for the case of n = 2, in which 
cjco is the standard flat orbifold metric on C^/Z 2 , and however, it is still 
open for the higher dimensional case. 

Now we apply Theorem 12.11 to obtain some canonical embeddings of 
Calabi-Yau varieties. Let Y is a Calabi-Yau n-variety. If L is an ample 
line bundle on Y, there is an m > 0 such that L™' is very ample, and 
H'‘{X,L^) = {0} for any z > 0 and /i ^ m. A basis S = {sq, • • • ,sx} of 
H^{X, L™) gives an embedding <I>s : Y CP^ by x i-A [so(x), • • • , SAr(a:)], 
which satisfies L™' = $20j.piv(l), where N = dime LI°(Y, L”*) — 1. The 
pullback ojy, = of the Fubini-Study metric is a smooth Kiihler met¬ 

ric in the above sense such that [cus] = mci{L) G Y5ir(Y). The Hermitian 
metric hps of Oj.p]v(l), whose curvature is the Fubini-Study metric, re¬ 
stricts to an Hermitian metric hj] = ^'^hps on L™, which satisfies that 

CUE = —log I'd I on Xreg for any local section d of We re¬ 
gard <I>e(Y) as a point in TLil^, denoted still by where TLil^ is the 

Hilbert scheme parametrizing subschemes of CP^ with the Hilbert polyno¬ 
mial P = P{k) = x(Y,L™^). 
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Let oj = ws + ^/—Iddip be the singular Ricci-flat Kahler-Einstein metric 
obtained in Theorem 12.11 Note that oo is unique in mci(L), and particularly 
is independent of the choice of By the boundedness of ip, we have that 
h = exp(—(/?)hs is a singular Hermitian metric on L”* whose curvature is oj. 
We dehne an L^-norm || • on by 


\h{h) 


lx 


I e|2, 


= / e 


-If 


e|2 , 


If h' is another Hermitian metric with the same curvature co, then dd log ^ = 
0, i.e. log ^ is a pluriharmonic function on a closed normal variety X, and 
thus h = e‘'h' for a constant If S/j = {sq, • • • , siv} is an orthonormal basis 
of H^{X,U^) with respect to || • then Hh' = ,e“ 2 s^} is 

orthonormal with respect to || • ||l 2 (/i'), and therefore T,h and S/i/ induce the 
same embedding • 

If E/j and are two orthonormal bases of H^{X,L) with respect to 
II ■ IIl 2 (/i), there is an rt G SU{N -|- 1) C SL{N + 1) such that [E/j] = [E'^] • u, 
• u for any x £ X, and thus = <I>s^(X) • u in 

Tiil^, where — • — : x SL{N -|- I) —)■ is the SL{N + I)-action 

on Tiil^ induced by the natural SL{N + I)-action on CP'^. We denote the 
SU{N + l)-orbit 

(2.2) RO{X, L^) = {d>E, {X) ■u\ue SU{N + I)} C {mQred, 


where {'Hil^)red denotes the reduced variety of the Hilbert scheme 
Note that RO{X, L^) is compact under the analytic topology of {Rilfi)red^ 
and depends only on the singular Kahler metric uj, but not on the choice of 
h. 

The embedding constructed here will be used in Section 4 for the com¬ 
pletion of the moduli space of polarized Calabi-Yau manifolds. 


2.3. Gromov-Hausdorff topology. This subsection recalls the notion and 
results of Gromov-Hausdorff topology, which is the other main ingredient of 
the works surveyed in this paper. 

In the 1980’s, Gromov introduced the notion of Gromov-Hausdorff dis¬ 
tance dcH between metric spaces in [33], which provides a frame to study 
families of Riemannian manifolds. For any two compact metric spaces A 
and B, the Gromov-Hausdorff distance of A and B is 

dcH{A,B) = mf{dfj{A, B)\3 isometric embeddings A,B Z}, 

where Z is a metric space, dfj{A,B) is the standard Hausdorff distance 
between A and B regarded as subsets by the isometric embeddings, and the 
infimum is taken for all possible Z and isometric embeddings. We denote 
Aiet the space of the isometric equivalent classes of all compact metric 
spaces equipped with the topology, called the Gromov-Hausdorff topology, 
induced by the Gromov-Hausdorff distance dan- Then Aiet is a complete 
metric space (cf. [3^ 172] ). 
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The Gromov-HausdorfF distance is used to obtain many important pro¬ 
gresses of Riemannian geometry in the last three decades, and the readers 
are referred to the survey articles [26l[72l[l2] for these achievements. The 
following is the Gromov pre-compactness theorem: 

Theorem 2.2 ([29]). Let {Xk,gk) be a family of compact Riemannian man¬ 
ifolds such that Ricci curvatures and diameters satisfy 

Ric(gfc) ^ -G, diamgj^(XA:) ^ D, 

for constants C and D independent of k. Then, a subsequence of{Xk,gk) 
converges to a compact metric space (Y,dY) in the Gromov-Hausdorff sense. 

If we further assume that there is a lower bound of volumes in this the¬ 
orem, i.e. VolLjj,(Xfc) ^ u > 0 for a constant v, then the Bishop-Gromov 
comparison theorem shows 

Volg,(Rg,(p,l)) ^ K, 

for a constant «: > 0, and thus {Xk,gk) is non-collapsed. In the non¬ 
collapsing case, the structure of the limit space Y is studied in [laiaiisKisi, 
and many properties of Y is obtained, for example, the Hausdorff dimension 
of Y is the same with that of X^ ■ 

Now let’s focus on compact Ricci-flat Kahler-Einstein manifolds. The 
Gromov pre-compactness theorem shows that a family of compact Ricci-flat 
Kahler-Einstein manifolds with a uniform upper bound of diameters con¬ 
verges to a compact metric space by passing to a subsequence. Regularities 
of the limit is studied in [EKE], and it is shown that it is almost a Ricci-flat 
manifold. 

Theorem 2.3 ([El (Ej). Let {Xk,u}k) be a family of compact Ricci-flat 
Kahler-Einstein n-manifolds, and {Y,dY) be a compact metric space such 
that 

(Xfc,a;fc)^(y,dy). 

If 

Xolu^flXk) ^ u > 0, and C 2 (Xfc) • ^ C, 

for constants v and C independent of k, where C 2 {Xk) is the second Chern- 
class of Xk, then there is a closed subset S CY with Hausdorff dimension 
dim-^ 5 ^ 2n — 4 such that Y\S is a Ricci-flat Kahler-Einstein n-manifold. 
Eurthermore, off a subset of S with {2n — A)-dimensional Hausdorff measure 
zero, S has only orbifold type singularities x C^/T, where V is a finite 
subgroup of SU (2). 

Actually, the convergence in this theorem is stronger than the Gromov- 
Hausdorff convergence. It is in the sense of Cheeger-Gromov on the regular 
locus, i.e. if we denote Uqo the Ricci-flat Kahler-Einstein on Y\S inducing 
the metric dy, and denote Jk (respectively Jqo) the complex structure of 
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Xk (respectively Y\S), then for any compact subset K C Y\S, there are 
smooth embeddings FK,k ■ K —)• Xk such that 

^k,k‘-^k <^oo) and F^ k^k = dFj^^p, o Jk o dF^^k Joo, 

in the C'°°-sense. 

The tangent cone Yy at a point y G Y is defined as a pointed Gromov- 
Hausdorff limit of {Y, yidy ^y) for a sequence yi —)• +oo. In the case of 
Theorem 12.31 the tangent cone is proved to exist for any y G Y (cf. [T3l 
El), and S is defined as the locus where Yy is not isometric to C”’. More 
importantly, it is shown that any Yy is isometric to C{My) x where C{My) 
is the metric cone over a compact metric space My of Hausdorff dimension 
2 n- 2 /-l (cf. da OH]). 

When n = 2 , Theorem 12.31 was obtained previously in [11 El 0 EZl [89] 
etc., where Y has only finite isolated orbifold points as singularities, and 
Y is clearly a complex analytic variety. Moreover, T is a K3 orbifold, and 
this fact was used to study the moduli space of K3 surfaces in PE]. It is 
expected that Y is also a complex analytic variety in the higher dimensional 
case, which was proved by Donaldson and Sun under the assumption that 
those Kahler metrics belong to integral Kahler classes (cf. [23] 1. We 
will continue the discussion on the Gromov-Hausdorff topology, and review 
Donaldson-Sun’s theorem in Section 3.2. 

3. Convergence of Ricci-flat Kahler-Einstein metrics 

In this section, we study the relationship between the degeneration in the 
algebro-geometric sense and the non-collapsing convergence in the Gromov- 
Hausdorff sense. 

3.1. Degeneration. This subsection study the limit behaviour of Ricci-flat 
Kahler-Einstein metrics along algebro-geometric degenerations. 

A degeneration of Calabi-Yau n-manifolds vr : A —>• A is a flat morphism 
from a variety X of dimension n -|- 1 to a disc A C C such that for any 
t G A* = A\{0}, Xt = Tr~^{t) is a Calabi-Yau manifold, and the central 
hber Xq = 7 r“^( 0 ) is singular. If there is a relative ample line bundle C on 
A, we call it a degeneration of polarized Calabi-Yau manifolds, denoted by 
(vr : A —)• A, £). If we further assume that Xq is a Calabi-Yau variety, then 
the total space A is normal as any fiber Xt is reduced and normal. Thus 
the relative dualizing sheaf is defined, i.e. voxic\ — ^ and 

is trivial, i.e. Wxji^ — Ox^ since every fiber is normal, Cohen-Macaulay and 
Gorenstein. For example, if 

A = {([zo,--- ,Zn],t) e CP"- X A|tf(zo,-- - ,Zn) +Q{zo,--- , Zn) = 0}, 

t S A C C, and vr : A — )• A is the restriction of the projection, where f 
and 0 are generic homogenous polynomials of degree n -|- 1 such that Xt is 
smooth for any t G A*, and Xq is a Calabi-Yau variety, then vr : A —)• A is a 
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degeneration of Calabi-Yau manifolds, and the restriction Ocp"(1)|a of the 
hyperplane bundle is relative ample. 

Let (tt : Y —)• A, £) be a degeneration of polarized Calabi-Yau mani¬ 
folds with the central fiber Xq a Calabi-Yau variety, and ut G ci{C)\xt G 
t G A*, be the unique Ricci-flat Kahler-Einstein metric on Xt. 
The limit behaviour of ut, when t —)• 0, is studied in [76] and [73|. In [76], it 
is proved that ujt converges to the singular Ricci-flat Kahler-Einstein metric 
u obtained in Theorem ED under the technique assumption that Xq is a 
Calabi-Yau conifold, or the total space X is smooth. These additional hy¬ 
pothesises are removed in m. and more precisely, we obtain the following 
theorem. 

Theorem 3.1 ([73]). Let (vr : Y —)• A,T) 6e a degeneration of polar¬ 
ized Calabi-Yau manifolds with the central fiber Xq a Calabi-Yau n-variety. 
If LOt denotes the unique Ricei-flat Kahler-Einstein metrie in ci{C)\xt G 
t G A*, and oj denotes the unique singular Rieci-flat Kahler- 
Einstein metric on Xq with oj G ci(£)|xo £ then 

Ffut to, when t —>• 0, 

in the C°°-sense on any compact subset K C Xo^reg, where Ft : XQ^reg Xt 
is a smooth family of embeddings with Fq = Idxo • Furthermore, the diameter 
of {Xt,ujt), t G A*, satisfies 

diam^j(Yi) ^ D, 

where D > 0 is a eonstant independent oft. 

This theorem shows a nice convergence behaviour of the Ricci-flat Kahler- 
Einstein metrics cot away from the singular set of Xq. 

Now we outline the proof of Theorem 13.11 Let vr : Y —A be a Calabi- 
Yau degeneration with a relative ample line bundle C, and tot G ci{C)\xt G 
H^’^{Xt,^), t G A*, be the unique Ricci-flat Kahler-Einstein metric on Xt. 
There is an embedding <I>a : Y CP^ x A such that for 

integers m > 0 and A > 0. We denote = ^^*xOJFs\xt for any t G A*, 
where oops is the Fubini-Study metric on CP'^. We obtained the following 
proposition in [73], which has some independent interests. 

Proposition 3.2. Assume that the relative dualizing sheaf is defined and 
trivial vj^fA — The diameter of ut satisfies 

^2 r _ 

diam^,(Yt) ^ 2-h / fit A 12^, 

Jxt 

where Lit is a relative holomorphic volume form, i.e. a no-where vanishing 
seetion of wxjA- 

We sketch the proof of this estimate. Note that wt satishes the Monge- 
Ampere equation 

Ut = {—Y)^e^^Llt I^Llt, where = K ^(—1)^ J flj A 12*^ , 
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where V = nlVolujt(Xt) is a constant independent of t. For a point p G 
Xo^reg, there are coordinates zq, - ■ ■ , Zn on a neighborhood U oi pin X such 
that t = 71 ( 2 : 0 , • • • , Zn) = Zq and p = (0, • • • ,0). There is a tq > 0 such that 
A X A"' C [/, where A = {\t\ < ro} C A, A” = {\zj\ < ro, j = 1, • • • , n} C 
C”, and {t} X A” C Xt. Note that locally and ut are families of Kahler 
metrics on A"' C C"', and there is a constant C independent of t such that 

C'-^UJE ^ Wi ^ C'UJE, 

_ n 

where ue = y/—ldd ^ {zil"^ is the standard Euclidean Kahler metric on A”. 
i=l 

Lemma 1.3 in [20] implies that for any 5 > 0, and any t G A\{0}, there is 
an open subset Ut^s of A"" such that 

yol^°{Ut,s) ^ VoL.(A-) - 5, diam^, (Ut^s) ^ 

where C is a constant independent of t. 

Let 6t = ^Voltjo(A"), and let pt G Ut^Sf We get 6t ^ ^Voltj^(A") = 6 and 

thus Ut^St where r = max{l, 2 C' 5 “ 2 }. Since U C X\XQ^sing, 

there is a constant kjj > 0 such that 

n2 _ 

on U Cl Xt- We derive 

Xol^,{B^,{pt,r))^XoU{Ut,5t) = ^ 



Kue^^ 

[ 


n\ 



2 

VoL.(A" 




The Bishop-Gromov comparison theorem shows that 

Xoluj,{Buj,{pt,l)) ^ :^Xoluj,{Buj,{pt,r)) ^ 

By Theorem 4.1 of Chapter 1 in [TH] or Lemma 2.3 in |69|, we obtain 

diam^,(At) ^ 2 + 8n ^ 2 + 

Xolojt [B^XPt,!)) 

and we obtain the estimate. 

Now we return to the proof of Theorem 13.11 If we further assume that 
the central fiber Xq is a Calabi-Yau variety, then it is shown in Appendix B 
nl — 

of [73| that (—1)^ A Qt ^ C for a constant C independent of t, and 

thus we obtain the diameter estimate in Theorem [3T1 
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Let (pt be the unique potential function obtained by the Calabi-Yau the¬ 
orem, which satisfies ojt = u:° + '^—Iddipt, and the Monge-Ampere equation 

+ y/^ddipt)^ = (—1)^A Oj, supyjt = 0. 

At 

The standard C^-estimate for the Monge-Ampere equation in |103j gives 
llv^illco ^ C for a constant C > 0 independent of t by reversing the roles of 
uj° and ut (a trick originally coming from [93]) in Section 3 of [73]. Here we 
need the priori estimate of diameters to control the Sobolev constant. Then 
by the C^-estimate in [103] and the Chern-Lu inequality, we have 

C'ui° ^ ojt ^ 

for constants C" > 0 and Ck > 0 independent of t, on n A, where K 
is a compact subset of X\XQ^sing, and Ck depends on K. Furthermore, 
we obtain the C^’“-estimate \\ipt\\c2,a(^KnXt) ^ C 2 ,k by the Evans-Krylov 
theory (cf. [79]), and the higher order estimates W'PtWc^iKnXt) ^ by the 
standard Schauder estimates (cf. [39]). 

The smooth convergence of uf on At n A to Wq on Aq n A implies that any 
sequence ipt^. has subsequences convergence to a smooth bounded function 
ipo on Xo^reg, which satisfies that ujq = UJQ + ^/^^^|po is a singular Ricci-flat 
Kahler-Einstein metric on Aq. By the uniqueness in Theorem 12.11 ojq = oj, 
and we do not need to pass any sequence, and obtain the smooth convergence 
of ipt (respectively ujt) to ipo (respectively uj) on Xo^reg- 

Theorem ED shows few information of the behaviour of cut approaching 
to the singularities Ao,<jmg of Aq. We do not expect the smooth convergence 
since the topology of the underlying manifold is changed, and thus we like 
to consider the Gromov-Hausdorff topology. 

By the Gromov pre-compactness theorem (Theorem l2.2h . for any sequence 
tk, a subsequence of (At^, cut*,) converges to a compact metric space {Y, dy) in 
the Gromov-Hausdorff sense. Since Xo\^^{Xt) = ^c”(£|xt) = const.. Theo¬ 
rem EE) shows that there is a closed subset S <ZY with Hausdorff dimension 
dim-^ S ^ 2n — A such that Y\S is a Ricci-flat Kahler n-manifold. By the 
smooth convergence of ojt to cu on XQ^^eg-, we construct a local isometric em¬ 
bedding i : (Ao,reg,wo) (Y\S,dY) in [74], and show that the Hausdorff 
co-dimension of y\i(Ao^,.eg) is bigger or equal to 2. Then i(Ao^reg) is almost 
geodesic convex in Y by [14], i.e. for any two points yi,y 2 S t(Ao,reg)) and 
any e > 0, there is curve 7 C i(Ao^reg) such that ?/i = 7 ( 0 ), 2/2 = 7(1); and 

lengthrfy(7) ^ 2/2) + e- 

Thus (y, dy) is the metric completion of (Ao,r-eg,w). 

In summary, we prove the following theorem in |74j . 

Theorem 3.3 (|74j). Let TT : A —>• A, Aq, uJt and oj he the same as in 
Theorem AS. 11 We have 


{Xt,uJt) ^ (y,dy) 
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when t —)• 0, m the Gromov-Hausdorff sense, where {Y,dY) denotes the 
metric completion of (Xo^reg,^), which is a compact metric space. 

Theorem 13.31 still offers little understanding of the metric behaviour near 
the singularities of Xq, and we expect more explicit asymptotic behaviours. 
Assume that the Calabi-Yau variety Xq in Theorem 13.11 and Theorem 13.31 
has only ordinary double points as singularities, i.e. Xq is a conifold. For 
any p £ XQ^sing-, there is a neighborhood Up C X such that Up n Xt, t G A, 
is isomorphic to an open subset of 

Qt = {{^0i ■ ■ ■ ^n) S C^~^^\zq + • • • + = t}. 

Note that Qo is the quadric cone, and for any t G A*, Qt is diffeomorphic 
to the total space of the cotangent bundle T*S'^ of There is a complete 
Ricci-flat Kahler-Einstein metric 

(3.1) uJco,t = V^ddftip) 

obtained in [9] when n = 3, and in [83] for the general dimension n, where 
p = \zo\‘^ + ■ ■ ■ + \zn\‘^, and ft{p) satisfies the ordinary differential equation 

Pinr + - \t\^) = 

n 

This equation can be solve explicitly by changing the variable p = |t| coshr, 
and integrating 

= n\tr\^T+\sinhTT-\ 
dr n 

Note that oocop = ^co = y/-Xddp^~^, the Ricci-flat cone metric, on Qo, and 
when t —)• 0, LVco,t converges smoothly to ujco- More geometric properties of 
u}co,t, for example curvatures, are studied in Appendix A of m- 

It is expected (cf. |lUlj etc.) that Ldco,t approximates ujt of Theorem 13.11 
and Theorem 13.31 in a certain sense when t —)• 0, i.e. for instance, 

\Wco,t - ^t\\c°Uco,uUpr\Xt) ^ C\tf, 

for constants Q > 0 and e > 0. Furthermore, \t\~^ujt should converge 
smoothly to iOco,to on Qtg for a to £ If they are true, there would be many 
interesting applications, for example the construction of special lagrangian 
spheres in (Xt,uJt) for |t| <C 1. Since the zero section S"' C T*S^ is a special 
lagrangian submanifold respecting to uJco,t and certain holomorphic volume 
form on Qt, one can deform 5” in Qt to a special lagrangian sphere in Xt 
by the standard deformation technique of special lagrangian submanifolds 
(cf. [35] )• As a matter of fact, this is one goal of the study of metrics 
along degenerations in [lOlj . The strategy to achieve such goal is the gluing 
method similar to those in Section 2.1. However, there are many difficulties 
even if the solution of Theorem ED has the expected asymptotic behaviour 
(cf. |ll [ll01j h Unfortunately, our new approach would not provide any new 
insight either. 
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3.2. Gromov-Hausdorff convergence. In this subsection, we continue 
our discussion in Section 2.2 by considering poiarized Caiabi-Yau manifoids. 

Let (XfcjLfc) be a sequence of poiarized Caiabi-Yau manifoids, and ujk G 
Cl (Lfc) be a sequence of Ricci-fiat Kahier-Einstien metrics with diam^^, (Xk) ^ 
D. The Gromov pre-compactness theorem (Theorem l2.2jl asserts that a sub¬ 
sequence of {Xk,uJk) converges to a compact metric space {Y^dy) in the 
Gromov-Hausdorff sense. Since Xolujf.{Xk) = ^ci{Lk)^ ^ {Xk,ujk) is 
non-coiiapsed, and Theorem 12.31 shows that there is a ciosed subset S C Y 
such that Hausdorff dimension dim-^^ S ^ 2n — 4, and Y\S is a Ricci-fiat 
Kahier n-manifoid. 

In [23], Donaldson and Sun studied the aigebro-geometric properties of 
the limit Y, and showed that Y is homeomorphic to a projective variety. 

Theorem 3.4 ([23]). Let {Xk,Lk) be a sequence of polarized Caiabi-Yau 
manifolds of dimension n, and Uk € ci(Lfc) be the unique Ricci-flat Kdhler- 
Einstein metric. We assume that 

Xol^i^{Xk) = ^ci{Lk)'^ = V, diam^jYfc) ^ D 
for constants D > 0 and v > 0, and furthermore, 

{Xk,uJk)''-^{Y,dY) 

in the Gromov-Hausdorff sense. Then we have the follows. 

i) Y is homeomorphic to a Caiabi-Yau variety X^^. 

ii) There are constants m > 0 and N > 0 satisfying the following. For 

any k, there is an orthonormal basis of H^(Xk, L^) respecting 
to the Lf'-norm induced by ojk, which induces an embedding : 
Xk CP^ with L™ = And converges to 

Xoo in some Hilbert schemes Hil^. 

iii) The metric space structure on Y is induced by the unique singular 
Ricci-flat Kdhler-Einstein metric oj G (O^piv (1)1x00 )• 

By Proposition 4.15 of [23|, Y is homeomorphic to a projective normal 
variety with only log-terminal singularities, denoted by X^. Note that the 
holomorphic volume forms Tlk are parallel with respect to uJk, and converge 
to a holomorphic volume form Hoo on the regular locus X^oyeg along the 
Gromov-Hausdorff convergence by normalizing Llk if necessary. Thus the 
dualizing sheaf vuxoo is trivial, i.e. — Cx^oj X^o is 1-Gorenstein. 

Furthermore, the canonical divisor Xx^ is Cartier and trivial, which implies 
that Yoo has at worst canonical singularities. Then X^o has only rational 
singularities, X^o is Cohen-Macaulay and is Gorenstein. Gonsequently, Yqo 
is a Caiabi-Yau variety. 

We remark that Theorem 13.41 holds for polarized Kahier manifolds with 
bounded Ricci curvature (cf. [23|). Readers are also referred to [90] for the 
case of Fano manifolds, and [231190] for the relevant history and applications. 

There are some immediate interesting applications of Theorem 13.41 
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First of all, we apply Theorem 13.41 to the finiteness question. There is a 
conjecture due to S.-T. Yau, which says that there are only finite diffeomor- 
phism types of Calabi-Yau threefolds. There are many evidences to support 
it, and for example, [32] proves a weak version of this conjecture, i.e., up to 
birational equivalence, elliptic fibred Calabi-Yau threefolds have only finite 
diffeomorphism types. For any constant D > 0, we define a set of polarized 
Calabi-Yau n-manifolds 

^{n,D) = {{X,L)\u} G ci(L) with Ric(a;) = 0, diam^(Y) ^ D}. 

Note that 1 ^ ci(L)” = n!Vol^(Y) ^ V{n,D) by the Bishop-Gromov com¬ 
parison theorem. Thus Theorem 13.41 implies that any (Y, L) G 94(n, D) can 
be embedded into a comment CP'^, and the image can be regarded as in fi¬ 
nite possible many components of Hilbert schemes. Consequently, elements 
in Tl(n, D) have only hnite many possible complex deformation classes, and 
of course, have only hnite many possible diffeomorphism types (cf. [?])• We 
will show the generalization of this hniteness result to polarized projective 
Kahler manifolds with Ricci curvature bounded from below in Appendix A. 

Now, we apply Theorem l3.4l to the situation of Theorem 13 .1 1 and Theorem 
13.31 and obtain that the compact metric space Y in Theorem 13.31 is home- 
omorphic to a Calabi-Yau variety X^o- Actually, it is easy to see that X^o 
is isomorphic to Xq of Theorem 13.11 (cf. Lemma 2.2 of |106j b However it is 
not trivial since the embeddings in Theorem 13.41 are induced by orthonor¬ 
mal basis, which are highly transcendental, and would not coincide with 
algebraic embedding induced by the relative ample line bundle C from the 
hypothesis. One corollary is the uniqueness of the filling-in for degenerations 
of Calabi-Yau manifolds. 

Corollary 3.5. Let (tt : Y —>• A,£) and (vr' : X' —)• A,£') be two degener¬ 
ations of polarized Calabi- Yau manifolds with Calabi- Yau varieties Xq and 
Xq as the central fibers respectively. If there is a sequence of points t^ ^ 0 
in A, and there is a sequence of isomorphism fik ■ W*, ^ such that 
— dl'\x' ! then Xq is isomorphic to Xq. 

Note that X may not be birational to X' in this corollary. If we have a 
stronger assumption that X\Xq is isomorphic to X'\Xq, then the conclusion 
is a direct consequence of (6] Theorem 2.1] and [661 Corollary 4.3]. 

We finish this section by recalling some aspects of the proof of Theorem 
13.41 Let (Yfc,Lfc), cok and (Yjdy) be the same as in Theorem 13.41 The 
main step in the proof of Theorem 13.41 is to construct uniformly many peak 
sections of on Y^, for a P G N, which are also sufficiently many, and 
enough to induce embeddings for not only all of Y^, but also the limit Y. A 
peak section s of means that for a point p G Y^, |slfc(p) ^ 1, ||s||^ ^2 = 
fx, K ~ and |s|fc 1 on the complement of a small neighborhood of 
p, where 1-1^ denotes the Hermitian metric on with curvature f'Wfc. The 
peak sections are constructed by gluing a local model first, and then using 
the Hormander L^-estimate. 
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The local model used in [23] is as following. For any y gY, the tangent 
cone Yy at y is a metric cone C{My) over a compact metric space My, and 
the regular locus Yy^reg is an open dense subset of Yy. Let o G Yy he the 
distinguished vertex point, and let r{q) = dist(g, o), i.e. the distance of o to 
the point q G Yy. On Yy^reg, the metric is a Ricci-flat Kahler-Einstein cone 
metric -|- r'^gM, where gM is a Sasakian-Einstein metric on the regular 
locus My^reg- It is Standard that the Ricci-flat Kahler-Einstein metric can be 
written as ujy = (cf. [82]). If is the smooth trivial line bundle 

on Yy^regj i-6- Lq — Yy^j-eg X C in the sense of smooth bundles, then we define 
a C/(l)-connection on Lq 

Ao = — 5r^), whose curvature Fa„ = —y/—lujy. 

Note that Bao = d + Ao is a Cauchy-Riemann operator, i.e. Ba^ = 0, and 
Sao induces a holomorphic structure on Lo- If we define 

(To = e 4 , then dA^f^o = doo + A^ Oo = 0, 

i.e. (To is a holomorphic section of {Lo,Ao). The local model is {Lq, Ao,(To). 

We recall the gluing argument of [23], and assume that My is smooth, i.e. 
o is an isolated singular point, and H^{My,'L) and H‘^{My,’Z) are torsion 
free for simplicity. Denote U = {q G C{My)\5 ^ r{q) ^ R} for constants 
0 < (5 <C 1 and 1, and we identify My = {q G c\My)\r{q) = 1}. For an 
e > 0, let cj be a Kahler metric respecting to a complex structure J on U 
such that 

||a; — ojyWco ^ e, and ||J — Jy\\c^ ^ e, 
where Jy is the complex structure on Yy^reg, and let ^4 be a [/(l)-connection 
on a complex line bundle L with curvature Fa = which implies that 

dj^A is a Cauchy-Riemann operator, and induces a holomorphic structure 
on L. Since w (respectively Uy) represents ci(L) (respectively ci(Lo))) a 
integral class, and u is close to Uy, we have ci(L) = ci(Lo) = 0) and L is 
isomorphic to Lq as smooth bundles. Hence we regard Go as a section of L. 

For a certain cut off function (5, we like to prove that (w, J, L,A,a = f3ao) 
satisfies the so called Property (H) in [23], which guarantees that the result 
section after applying the Hormander L^-estimate to these data is a peak 
section. Property (H) reads that 

\ 11 11 / \ '^ 

i) \W\\l2 < (2vr) 2, 

ii) \a\{p) > I for a point p gU' (ZU, 

hi) for any smooth section T of L, |t|(p) ^ C'(||9j_at||2,p(; 7/)-|-||r||j;^ 2 ([//)), 

n 

iv) \\dj,ACTh.^mm{^,^j^} 

v) \\dj,A(T\\LP{U') < su- 

Property (H) can be obtained by direct calculations similar to those in Sec¬ 
tion 2 of [21], if we further have ||H — Ho||(^o <C 1. However this condition 
may not be true due to the non-trivialness of the first Betti number of U. 
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Note that a = {A — Ao)\My is a connection on L^Si L~^\My with curvature 
Fa = — ujy)\My- Since a is transformed to a + dlogu under a 

gauge change u : My —>• My x U{1), we have a = an + ol by the Hodge 
theory where an is a harmonic 1-form, and a' satisfies d*a' = 0, da' = 
and 110^11^2 ^ C||-fa||L 2 . The harmonic part an is a flat connection, and 
can be regarded as in H^{My, U{1)), the moduli space of flat connections on 
My. Note that H^{My,U{\)) = 'H^{My)/H^{My,'L), and the L^-norm on 
the space ^^{My) of harmonic 1-forms induces a metric on H^{My,U{l)). 

In [23], it is shown that there is an open subset W G H^{My,U{l)), for 
example we say W = {( € ||C||l 2 < ew ^ ^}/such that 

if an G W, then one can extend the gauge change ir to a gauge change u on 
U such that H H-|-dlog 12 satisfies ||H —Ho||(^o ^ C'{€w + \\Fa — FAa\\]^ 2 ), 
and furthermore, (uj,J,L,A,a) satisfies the Property (H). 

Now Dirichlet’s theorem asserts that there is an m G N satisfying that for 
any ( G H^{My, U (1)), there is a 1 ^ z/ ^ m such that = C^niod{-ff^(My, Z)} 
for a £ W. If the above an does not belong to W, then we define 
t{vA) G W such that van = T{vA)m.o(i{H^{My,'L)} for a z/ ^ m. Let 
il = {q £ C(My)|m“2(5 ^ r{q) ^ R}, and fii, : U ^ U he the dilation map 
given by ^^{x,r) = {x,v~ 2 r) for any {x,r) £ C{My) where x £ My and 
r = r((a:, r)). 

By the convergence of and the definition of tangent cone, there are 
embeddings difc : f7 —)• such that ^ for an 

niQ £ Z, and \\'^%Jk — Jy\\c° ^ em“^, where is the complex structure of 
Xk- Let Ak be the f7(l)-connection on Lk with curvature Fa^. = —y/—loJk 
and compatible with the holomorphic structure of Lk- By passing to a 
subsequence, Dirichlet’s theorem shows as above that there is a 1 ^ z/ ^ m 
such that T{vmoAk) G VL is defined as \\vmo'^’^FA^ — vFaJ\co ^ e- Then 
vmoAk is gauge equivalent to a f/(l)-connection of on U, and 

\\Ak - vAoWco ^ C'{ew + \\vmo%FAk - vFaJIl^) ^ C'{ew + e). 

Since vR*^ujy = uiy, fF^Jy = Jy and vfi*Ao = Ag, one obtain that 

satisfies the Property (H). 

By identifying U with the Hormander L^-estimate shows that 

there is a smooth section a of such that 

djk,umoAkid') = djf.^i,moAk{^)i with || cj ||2,2 ^ —^=== (<t) || l 2 . 

The peak section is s = a — a. 

3.3. Equivalence. Theorem l3.3l shows that under the algebro-geometric as¬ 
sumption of Calabi-Yau degeneration with Calabi-Yau central fiber, Ricci- 
flat Kahler-Einstein metrics are non-collapsed, and converge to a compact 
metric space in the Gromov-Hausdorff sense. On the other hand. Theo¬ 
rem 13.41 says that under the differential geometric assumption of Gromov- 
Hausdorff convergence, we have the limit being a Calabi-Yau variety. It is 
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speculated that degenerating to Calabi-Yau varieties should be equivalent 
to the non-collapsing convergence, which is confirmed by a recent work [86j . 
Actually, we have a triple equivalence among not only the degeneration to 
Calabi-Yau varieties, and the Gromov-Hausdorff convergence, but also the 
finiteness of Weil-Petersson distance. 

Let vr : Y —)• A be a flat family of Calabi-Yan n-manifolds, and £ be a 
relative ample line bundle on Y. The variation of Hodge structures gives 
a natural semi-positive form, a possibly degenerated Kahler metric, on A, 
called the Weil-Petersson metric, 

Lowp = f A ^ 0, 

Jxt 

where fit is a relative holomorphic volume form, i.e. a no-where vanishing 
section oiwxjx (cf- [HH])- The Weil-Petersson metric uwp is the curvature 
of the first Hodge bundle "H” = ® Ox with a natural Hermitian 

metric, and describes the deformation of complex structures. 

In [To], Candelas, Green and Hiibsch found some nodal degenerations 
of Calabi-Yau 3-folds with finite Weil-Petersson distance. In general, |99] 
shows that if (vr : Y —)• A,£) is a degeneration of polarized Calabi-Yau 
manifolds, and if the central fiber Xq is a Calabi-Yau variety, then the Weil- 
Petersson distance between {0} and the interior A* is finite, i.e. ojwp is not 
complete on A*. Conversely, if we assume that the Weil-Petersson distance 
of {0} is hnite, then after a finite base change tt : Y —)• A is birational 
to a degeneration vr' : Y' —)• A such that Y\Yo = X'\Xq, and Xq is a 
Calabi-Yau variety by a paper [93|. As a consequence, the algebro-geometric 
degenerating Calabi-Yau manifolds to a Calabi-Yau variety is equivalent to 
the finiteness of the Weil-Petersson distance. In [86], the further equivalence 
to the Gromov-Hausdorff convergence is also established. In summary, we 
have the following theorem. 


Theorem 3.6 ( [99l [93l [86] ). Let (vr : Y —)• A,£) be a degeneration of po¬ 
larized Calabi- Yau manifolds. Then the following statements are equivalent. 


i) After a finite base change, vr : Y —)• A is birational to a degeneration 
tt' : Y' —>• A such that Y\Yo = Y'\Yq, and Xq is a Calabi-Yau 
variety. 


{Xt,u;t) ^ {Y,dY), 


when t —)• 0, in the Gromov-Hausdorff sense, where ojt denotes the 
unique Ricci-flat Kahler-Einstein metric in ci{C)\xt £ H^d(^Xt,M), 
t £ A*, and {Y,dY) is a compact metric space. 
iii) {0} has finite Weil-Petersson distance to the interior A*. 


An application of such equivalence is the completion of the moduli space 
of polarized Calabi-Yau manifolds, which is surveyed in the next section. 
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4. Moduli space of polarized Calabi-Yau manifolds 

Let be the moduli space of polarized Calabi-Yau manifolds {X, L) of 
dimension n with a fixed Hilbert polynomial P = -P(/r) = be. 

A4^ = {(Y,L)|P(/i) = x(X,L^)}/~, 

where (Yi,Li) ~ (Y 2 ,L 2 ) if and only if there is an isomorphism ip : Xi —)■ 
Y 2 such that Li = ip*L 2 . We denote the equivalent class [Y, L] e 
represented by (Y, L). 

The Bogomolov-Tian-Todorov’s unobstructedness theorem of Calabi-Yau 
manifolds implies that is a complex orbifold (cf. |88ll92j L The variation 
of Hodge structures gives a natural orbifold Kahler metric on called 

the Weil-Petersson metric, which is the curvature of the first Hodge bundle 
with a natural Hermitian metric (cf. [88]). From the algebro-geometric 
viewpoint, Viehweg proved in [98| that Ai^ is a quasi-projective variety, 
and coarsely represents the moduli functor for polarized Calabi-Yau 
manifolds with Hilbert polynomial P. 

We like to understand by considering Ricci-flat Kahler-Einstein met¬ 

rics. The Calabi-Yau theorem gives a continuous map 

A4et, by [Y, L] ^ (Y, w), 

where u is the unique Ricci-flat Kahler-Einstein metric representing ci(L). 
However, Cy is not injective in general since A\^ contains the information 
of complex structures. 

The compactifications of moduli spaces were studied in various cases, for 
example, the Mumford’s compactification of moduli spaces for curves (cf. 
[65| ). the Satake compactification of moduli spaces for Abelian varieties 
(cf. [77]), and more recently the compact moduli spaces for general type 
stable varieties of higher dimension (cf. [53]). Because of the importance 
of Calabi-Yau manifolds in mathematics and physics, it is also desirable to 
have compactifications of A4^. 

For constructing compactifications of Yau suggested that one uses 
the Weil-Petersson metric to obtain a metric completion of first, and 
then tries to compactify this completion (cf. [HI]). In [100] . an alternative 
approach is proposed by using the Gromov-Hausdorff distance, instead of 
the Weil-Petersson metric, to construct a completion. In a recent paper 
we constructed a completion of Ai^ via Ricci-flat Kahler-Einstein 
metrics and Gromov-Hausdorff topology, which can be viewed as a partial 
compactification. 

Let Cy(Ai^) be the closure of the image Cy{Ai^) in Aiet. There is a nat¬ 
ural metric space structure on Cy (Ai^) by restricting the Gromov-Hausdorff 
distance. Since {Aiet^dcH) is complete, Cy {Ai^) is the completion in the 
Gromov-Hausdorff sense. However, we do not expect that Cy{Ai^) have 
some algebro-geometric properties because of the non-injectivity of Cy. We 
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obtain an enlarge moduli space A4 such that Cy extends to surjection from 
to Cy(M^) in [TTifi] . 

- p 

Theorem 4.1. There is a Hausdorff topological space A4 , and a surjection 

cy{MP) 

satisfying the follows. 

i) is an open dense subset of , and Cy\j^p = Cy. 

ii) For any p G Ai , Cy{p) is homeomorphie to a Calabi-Yau variety. 

iii) There is an exhaustion 

Ad c Alm(i) c Adjyi(2') c • • • c c • • • c Ad 

ieN 

where m{l) G N for any I G N, such that Adm{i) is a quasi-projective 
variety, and there is an ample line bundle Xm{i) on Adra{i)- 

iv) Let (vr : T —)• A, T) be a degeneration of polarized Calabi-Yau man¬ 

ifolds with a Calabi-Yau variety Xq as the central fiber. Assume 
that for any t £ A*, there is an ample line bundle Lt on Xt such 
that = C\xt for a A; G N, and [Xt,Lt] G Ad^. Then there is a 
unique morphism p : A —)■ ^ ^ such that Cy{p{t)) is 

homeomorphie to Xt for any t £ A, and 

whent —)• 0, in the Gromov-Hausdorff sense. Furthermore, p*Xm{i) = 
for a v{l) £ N. 

When n = 2, a Calabi-Yau variety is a K3 orbifold, and a degeneration 
of K3 surfaces to a K3 orbifold is called a degeneration of type I. It is well- 
known that one can fill the holes in the moduli space of Kahler polarized 
K3 surfaces by some Kahler K3 orbifolds, and obtain a complete moduli 
space (cf. [m 09]). The relationship between such moduli space and the 
degeneration of Ricci-flat Kahler-Einstein metrics is also established in |481 
09]. 

—p 

We recall the construction of Ad . For any D > 0, we define a subset 
Ad^{D) ofAd^ by 

Ad^{D) = {[Y,L] G Ad^\ Ricci — flat metrics G ci(L) with diamtj(Y) ^ D}. 
We have that if Hi ^ L) 2 ) then C and = |J Ad^{D). 

D>0 

Note that for a sequence [Xk,Lk] £ Ad^{D), if {Xk,uJk) converges to a com¬ 
pact metric space Y in the Gromov-Hausdorff sense, then by Theorem 13.41 
there are embeddings 4?^ : X^ CP'^ for an A > 0 independent of k such 
that Af^l) for an m ^ 0, and converges to a Calabi-Yau 

variety Yqo in the Hilbert scheme FLilb^, which is homeomorphie to Y. By 
Matsusaka’s Big Theorem (cf. [63]), we take m large enough such that for 
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any [X, L] G , L™' is very ample, and H^{X, L™) = {0}, i > 0. Thus we 
have an embedding <l>s : X “-A CP^, and G V-ilff'■ 

Let TT-^ : Un —^ 'Hilb^ be the universal family over the Hilbert scheme 
'Hilb^ of the Hilbert polynomial Pm{p) = and C {Pilb^)red 

be the Zariski open subset parameterizing smooth varieties. Let T-Ln be the 
subset of {TLilb^)red such that T-L°j^ C TLn C where denotes the 
Zariski closure of in {'Hilb^)red, and a point p G "Hat if Xp = 'K^{p) is 
a Calabi-Yau variety. 

Recall that for any Calabi-Yau variety Xp where p £ T-Ln, the Ricci-flat 
Kahler-Einstein metric u G ci(Oj.piv(l)|A:p) induces an SU{N -|- l)-orbit 
RO{Xp,O^^N{l)\xp) C T-iilb^ by (j2.2|) . If we let 

P-N = 1^ RO{Xp,Of^pN{l)\xp) <£ Pn, 

P&Hn 

then there is a natural SU{N + l)-action on TZn, which is induced by the 
SL{N + l)-action on Pilb^. Let 

Mm = PN/SU{N+l). 

Note that the reduced Hilbert scheme {Pilb^)^^.^ is Hausdorff under the 
analytic topology, and so is the subset TZn- Thus the quotient Xim by the 
compact Lie group SU (Y-|-l) is also Hausdorff. It is clear that both Ai^{D) 
and are subsets of Almj and furthermore, if X is a Calabi-Yau variety 
homeomorphic to a compact metric space in Cy{Xi^{D)), then X G Aim- 

—p 

We obtain the enlarged moduli space AI = UAIm by takeing a increasing 
sequence of Dj. 

However, it is unclear whether Aim bas any algebro-geometric property 
from the above construction. We need the full strength of [98] to prove that 
Aim is a quasi-projective variety. Firstly, we show that Px can be given 
an open subscheme structure in Section 3.2 of [lOGj by the deformation of 
varieties with canonical singularities m- Secondly, by (6] Theorem 2.1] and 
[66] Corollary 4.3], if {Xi —)• S,Ci) and {X 2 —)• S',T 2 ) are two flat families 
of polarized Calabi-Yau varieties over a germ of smooth curve (S, 0), then 
any isomorphism of these two families over S\{0} extends to an isomor¬ 
phism over S, which implies the separateness condition of Aim- Finally, the 
construction of Section 8 in [98j shows that there is a geometric quotient 
Pn ^ Xi'm of fbe natural SL{N + l)-action on Px, and an ample line 
bundle Am on Aim, which implies that Aim is a quasi-projective variety. If 
0(Xp, C)j^pjv(l)ljVp) is the SL{N + l)-orbit of the SL{N + l)-action for a 
p G Px, then the uniqueness of the Kahler-Finstien metric u implies that 

RO{Xp,0„Nil)\xp) = 0{Xp,0„N{l)\xp)[]nN. 

Thus 

Mm = nx/SU{N + 1) = Px/SL{N + 1) 
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with the quotient topology induced by the analytic topology of %n, and is 
homeomorphic to the underlying variety of We obtain the conclusion. 

Kahler-Einstein metrics were previously used to construct compactifica- 
tions of moduli spaces for Kahler-Einstein orbifolds in m, and it is proved 
that such compactification coincides with the standard Mumford’s compact- 
ification in the case of curves. As a matter of fact, the idea of the above 
construction is from [62]. The real slice TZn induced by Kahler-Einstein 
metrics is an analogue of the zero set of momentum map in the Geometric 
Invariant Theory (cf. [65l ET] ). 

In [106] . we also proved that the points in Ai \Ai^ have finite Weil- 
Petersson distances, which is a corollary of Theorem 13.61 

Theorem 4.2. Let A4^ and Cy be the same as in Theorem \4.1\ 

i) For any point x G Ai^\Ai^, there is a curve 7 such that 7 ( 0 ) = x, 
7((0,1]) C A4^ and the length of^ under the Weil-Petersson metric 
uwp is finite, i.e. 

length^j.,,p( 7 ) < 00. 

ii) Let (tt : A —)• A, £) he a degeneration of polarized Calabi-Yau man¬ 
ifolds such that for any t G A*, L^ = li\xt for a A: G N, and 
[Xt,Lt\ G Ai^, where Lt is an ample line bundle. If the Weil- 
Petersson distance between 0 G A and the interior A* is finite, then 
there is a unique morphism g : A ^ Aim{i), for 1^1, such that 
Cy{Q{t)) is homeomorphic to Xt, t G A*. 

A simple concrete example for Theorem 14. II and Theorem l4.2l is the mirror 
Calabi-Yau threefold of the quintic threefold constructed in [ 8 ] (cf. Section 
18 in [35]), i.e. Xt is the crepant resolution of the quotient 

Ys = {[^ 0 ) ■ ■ ■ ) ■ 24 ] S CP'^Izq -\- szq ■ ■ ■ Z 4 = 0}/(Z|/Z5) 

of the quintic by Z5/Z5, where s^ = t G C. By choosing a polarization, 
Ai^ = C\{1}, and 0 is an orbifold point of Ai^. When t = I, Xi is 
a Calabi-Yau variety with only one ordinary double points, and however, 
t = 00 is a large complex limit point, which implies that t = 00 is the cusp 
end of and has infinite Weil-Petersson distance. Thus Ai = C. 

5. Surgeries 

Extremal transitions and flops are algebro-geometric surgeries providing 
ways to connect two topologically distinct projective manifolds, which are in¬ 
teresting in both mathematics and physics. In the minimal model program, 
all smooth minimal models in a birational equivalence class are connected by 
sequences of flops. The famous Reid’s fantasy conjectures that all Calabi- 
Yau threefolds are connected to each other by extremal transitions, so as 
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to form a huge connected web. The goal of this section is to study the be¬ 
haviour of Ricci-flat Kahler-Einstien metrics under these surgeries, extremal 
transitions and flops. 

5.1. Degeneration of Kahler classes. In this subsection, we study the 
limit behaviour of Ricci-flat Kahler-Einstein metrics when their Kahler classes 
approach to the boundary of the Kahler cone on a fixed Calabi-Yau mani¬ 
fold, which is parallel to the case of degenerations. 

As in the degeneration case, we have a prior estimate for the diameter of 
Ricci-flat Kahler-Einstein metric obtained in |94| and [108] (See also The¬ 
orem 3.1 in [76]). More precisely, if X is a Calabi-Yau n-manifold, and ujq 
is a Ricci-flat Kahler-Einstein metric on X, then for any Ricci-flat Kahler- 
Einstein metric cj on X, we have 

diam(^(X) ^ 32n-b D( / cjAcJq”^)"', 

Jx 

where D > 0 is a constant depending on ujq, but independent of w. 

Let X be a Calabi-Yau variety, and tt : X —^ X be a crepant resolution, 
i.e. a resolution such that x*tux = which implies that X is a Calabi- 
Yau manifold. If L is an ample line bundle on X, then Tr*L is semi-ample 
and big, but no longer ample, i.e. 7f*ci(L) G The following 

convergence theorem is proved in |93j . 

Theorem 5.1 ([93]). Let X he a Calabi-Yau variety, and vf : X —)• X he 

a crepant resolution, and L be an ample line bundle on X. For any family 

of Kahler classes as G s G (0,1], with lim = 7r*ci(L), if Os G ag 

s—^O 

is the Ricci-flat Kahler-Einstein metric, then Os converges smoothly to Tr*uj 
on any compact subset of Tt~^{Xreg), when s —)■ 0, where ui is the unique 
singular Ricci-flat Kahler-Einstein metric representing ci(L) on X. 

Note that in the above theorem, the diameter of Og is uniformly bounded, 

i.e. 

diam^^(X) ^ D, 

for constant D > 0 independent of s. For any sequence 0, the Gromov 
pre-compactness theorem (Theorem [22]) says that a subsequence of {X,Osff) 
converges to a compact metric space (Y, dy) in the Gromov-Hausdorff sense, 
and Theorem 12.31 shows that there is a closed subset S gY with Hausdorff 
dimension dim-^ S ^ 2n — 4 such that Y\S is a Ricci-flat Kahler n-manifold. 
In [73], it is proved that Y is the metric completion of {Xreg, oj). An analogue 
of Theorem [331 is obtained for the case of X being a conifold in |80j . and later 
is generalized to any Calabi-Yau variety in [8l]. Furthermore, the analogue 
for more general Kahler metrics is also studied in a recent preprint m, 

Theorem 5.2 ([81]). Let X, X and Og be the same as in Theorem AB.R IfY 
is the Gromov-Hausdorff limit a sequence {X,Os^), then Y is homeomorphic 
to X. 
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As in the case of degeneration, we also like to know more explicit asymp¬ 
totical behaviour when metrics are approaching to the singularities. If X is 
a K3 orbifold, Kobayashi’s theorem in Section 2.1 gives a very satisfactory 
description. However it is not clear in the higher dimensional case. 

We assume that the Calabi-Yau variety X in Theorem 15.II and Theorem 
[Q has dimension 3, and only ordinary double points as singularities, i.e. 
for any p G Xging, there is a neighborhood Up C X isomorphic to an open 
subset of the quadric Q = {(rci, • • • ,rc4) G C^\wi'W2 = ^31^4}. The crepant 
resolution X is locally given by the small resolution of the quadric cone 

Q = {(rci, • • • ,Wi, [yo,yi]) G x CP^I^iyi = rcsl/o, = yiW 4 } Q, 

where Q is biholomorphic to the total space of the bundle (l)©Oj-pi (1). 
For any s > 0, a complete Ricci-flat Kahler-Einstein metric Uco,s is con- 
struced in m by 

(5.1) cdco,s = ^/^dd{fs{p) + 4s 2 log(|yo|^ -k |yiP)), 

where p = Itcip -|- • • • -k |tC 4 p, and fs[p) satisfies the following ordinary 
differential equation 

{pl's{p)f + ^s^{pTs{p)f - = 0, 

which can be solved explicitly. When s —?■ 0, idco,s converges smoothly 
to the Ricci-flat cone metric Wco on Q given by m- Like the case of 
degeneration, we expect that those metrics COg on X are asymptotic to Cdco,s 
near singularities when s —)■ 0 . 

Now we consider the flops, which connect distinct Calabi-Yau manifolds 
in the same birational class. If Y is a Calabi-Yau variety admitting two 
different crepant resolutions (Yi, 7 ri) and (Y 2 , 7 f 2 ) with both exceptional 
subvarieties of codimension at least 2 , the process of going from Yi to X 2 
is called a flop, denoted by 

Yi ^ Y —4 Y 2 . 

The simplest case is the local flop for the quadric Q of dimension 3. Note 
that Q has two crepant resolutions, one is Q as above and the other is 

O' = {(tci, • • • ,W 4 , [yo,yi]) G X CP^Iwiyi = u; 42 /o, 2/o^^2 = yiws} -t Q, 

i.e. we have a flop 

Q^Q-^ Q'. 

Flops were used by Tian and Yau in m for constructing topological distinct 
Calabi-Yau threefolds. 

The following theorem is proved in [73], which asserts that flops are con¬ 
tinuous in the Gromov-Hausdorff sense when one considers Ricci-flat Kahler- 
Einstein metrics. 

Theorem 5.3 ([73]). Let X be an n-dimensional Calabi-Yau variety, and 
L be an ample line bundle on X. Assume that X admits two crepant 
resolutions (Yi, 7 ri) and {X 2 ,^ 2 )- Let (resp. 02,s), s G (0,1], be a 
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family of Ricci-flat Kdhler metrics on Xi (resp. X 2 ) with Kdhler classes 
lim[ci;a^s] = ■t*ci(L), a = 1,2. Then there exists a compact metric space 

{Y^dy) such that 

(Xi,wi,s) ^ (y,dy) ^ (X 2 ,W 2 ,s), when s0. 

Furthermore, {Y^dy) is isometric to the metric completion {Xreg-,w) where 
uj £ ci(L) is the singular Ricci-flat Kdhler-Einstein metric on X 

In the minimal model program, it is proved that for any two Calabi-Yau 
n-manifolds X and X' birational to each other, there are sequences of flops 
connecting X and X' in |46] . which was obtained previously in [50] for the 
case of dimension 3, i.e., there is a sequence of varieties Xi, • • • , X^ such that 
X = Xi, X' = Xk, and Xjyi is obtained by a flop from Xj. Consequently 
there are normal projective varieties Yoq, • • • , Xq^^-i, and small resolutions 
TTj : Xj —)• Yoj and : Xj —)• Xqj^i. Hence 

Xi —)■ Xoq —->■ X 2 —)■ Yo,2 —^ •••—)■ Xo^k-i — Xk- 

Now we restrict to the case of dimension 3, i.e. dime X = dime X' = 3. 
By [50], Xj has the same singularities as X, and thus Xj is smooth. Since 
the exceptional locus of itj and are of co-dimension at least 2, Xoj has 
only canonical singularities, and the canonical bundle of Xqj is trivial (cf. 
Corollary 1.5 in ESI). Therefore Xqj is a three-dimensional Calabi-Yau 
variety, and Xj is a three-dimensional Calabi-Yau manifold. 

For a fixed Calabi-Yau manifold X, if we denote 

CT(Y,]Kx) = {(Y,a;)|all of w with Ric(w) = 0, VoL(Y) = 1} C {Met, den), 

then by Theorem 15.31 for any j > 0, there is a compact metric space (Y, dy) 
belonging to both of Cy {Xj , ) and Cy {Xjyi , ) j where Cy{Xj, ) 

denotes the closure of Cy{Xj,Kxj) C {Met,dGH), and furthermore Y is 
homeomorphic to Xqj by Theorem 15.21 Thus 

cy{Xj , Kx,) U cy{Xj+i, ) 

is path connected. We obtain the following corollary. 

Corollary 5.4 ([73]). If X is a three-dimensional Calabi-Yau manifold, 
then 

{CT(Y',KxOI ® Calabi — Yau manifold X' birational to X} 

all such X' 

is path connected in {Met, den)- 

We expect that this corollary still holds for higher dimensional Calabi-Yau 
manifolds. One of the difficulties to obtain a proof is the lack of knowledge 
of singular Ricci-flat Kahler-Einstein metrics on singular Calabi-Yau vari¬ 
eties. More precisely, if a Calabi-Yau variety X does not admit a crepant 
resolutions, or there is no Calabi-Yau degeneration with X as central fiber, 
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we do not know whether a singular Ricci-flat Kahler-Einstein metric on X 
induces a metric structure on X. 

5.2. Extremal transition. This subsection study extremal transitions. 

Let X be a singular Calabi-Yau variety. Assume that X admits a crepant 
resolution vr : X —)• A, and there is a Calabi-Yau degeneration tt : Y —^ A 
with Xq = X. The process of going from X to t £ A*, is called an 
extremal transition, denoted by 

X ^ X Xf 

We call this process a conifold transition if X is a conifold, i.e. X has only 
ordinary double points as singularities. Locally a conifold transition exists 
in the case of dimension 3, i.e. 

Q Qo Qt, 

where Qt = {(^o, • • • , 23) £ C'^I^q-I-- • ■+z§ = t}, t £ A, is the quadric, and Q 
is the small resolution of Qo- It contracts the CP^ in O^pi (l)©Oj.pi (1) to ob¬ 
tain the 3-dimensional quadric cone Qo first, and then deforms the complex 
structure of Qo to get those Qt, which are diffeomorphic to the total space of 
the cotangent bundle T*S^. A extremal transition is an algebro-geometric 
surgery providing ways to connect two topologically distinct Calabi-Yau 
manifolds, which increases complex moduli and decreases Kahler moduli. 

The famous Reid’s fantasy conjectures that all Calabi-Yau threefolds are 
connected to each other by extremal transitions, possibly including non- 
Kahler Calabi-Yau threefolds, so as to form a huge connected web (cf. |70t 
ES]). There is also a projective version of this conjecture, the connectedness 
conjecture for moduli spaces for Calabi-Yau threefolds (cf. [Ml [Ml ES] ). In 
physics, extremal transitions are related to the vacuum degeneracy problem 
in string theory (cf. [TOl EZl EH [Ml [75]L The explanation of extremal 
transition in physics is that type II string theories modeled by topologically 
distinct Calabi-Yau vacua can be continuously connected via suitable black 
hole condensations (cf. [Ml El]). Readers are referred to the survey article 
[ 75 ] for topology, algebraic geometry, and physics properties of extremal 
transitions. 

Note that physicists are interested in Calabi-Yau manifolds in the first 
place, because the holomony group of a Ricci-flat Kahler-Einstein metric is 
a subgroup of SU{n) despite of many works using only algebro-geometric 
setting in the mathematical physics literatures. It makes perfect sense to 
consider extremal transitions with metric. 

Physicists P. Candelas and X. C. de la Ossa conjectured in [9] that ex¬ 
tremal transitions should be ’’continuous in the space of Ricci-flat Kahler- 
Einstein metrics”, even though these processes involve topologically distinct 
Calabi-Yau manifolds. This conjecture is verified in [9] for the local conifold 
transition, i.e. 

^co,s ^ ^co ^ ^co,t, 
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when s —)■ 0 and t ^ 0 , in the C'^-sense, where ujco = V—lddps is the 
Ricci-flat Kahler-Einstein cone metric on Qq, and Cdco,s (respectively uJco,t) 
is the metric given by (15.ip (respectively (j.S.ip i. In this case, we can regard 
that the local conifold transition is a surgery with metric, which shrinks a 
holomorphic CP^ to one point, obtains a singular Ricci-flat space, and then 
replaces the singular point by a special lagrangian sphere S^. 

In the general case, we obtain the following theorem in [73], which can be 
obtained by combining Theorem 13.11 and Theorem 15.11 

Theorem 5.5 f [73]). Let X be a Calahi-Yau n-variety. Assume that 

i) there is a degeneration (vr : Tf —)• A, £) of polarized Calahi-Yau 
manifolds such that Xq = X. For any t G A*, let ut be the unique 
Ricci-flat Kahler-Einstein metric on Xt representing ci{C)\xf 

ii) X admits a crepant resolution tt : A —)• A. Let cdg, s G (0,1], be 
a family of Ricci-flat Kahler-Einstein metrics with Kdhler classes 
limPws] =Tt*ci{C)\x m77^’^(A,R). 

s^O 

Then there exists a compact metric space iY^dv) such that 

(At, cat) (A, dy) (A, Ws), when t —)■ 0 , s ^ 0 . 

Eurthermore, (Y^dy) is isometric to the metric completion (Xreg,^) where 
ca G ci(£)|x is the singular Ricci-flat Kahler-Einstein metric on X. 

By Theorem 13.41 Y is homeomorphic to the Calabi-Yau variety A. 

The following is a simple example that Theorem 15.51 can apply. Let A be 
the complete intersection in CP'^ x CP^ given by 

yodizo, ■■■ yfl){zo, • • • ,Z4) = 0, yoZA - yizs = 0 , 

where zq,--- , Z 4 are homogeneous coordinates of CP^, yo,yi are homoge¬ 
neous coordinates of CP^, and 0 and i) are generic homogeneous polynomials 
of degree 4. Then A is a crepant resolution of the quintic conifold A given 
by 

^ 30 ( 2 : 0 , • • • ,Zi) + Z4l){zo, ■■■ , Z 4 ) = 0. 

Hence there is a conifold transition A —)■ A A for any smooth quintic 
A in CP^. Theorem 15.51 implies that there is a family of Ricci-flat Kahler 
metrics COg, s G (0,1], on A and a family of Ricci-flat smooth quintic (At, ujt), 
t £ A*, such that Ai = A, and 

(At,cut)!^(y,dy)^(A,a;,), 

for a compact metric space {Y^dy) homeomorphic to A. 

As an application of Theorem 15.51 and Theorem 15.31 we shall explore 
the path connectedness properties of certain class of Ricci-flat Calabi-Yau 
threefolds. Inspired by string theory in physics, some physicists made a pro¬ 
jective version of Reid’s fantasy (cf. [TOllMllTS]), the so called connectedness 
conjecture, which is formulated more precisely in [33] (See also [34] )■ This 
conjecture says that there is a huge connected web T such that nodes of T 
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consist of all deformation classes of Calabi-Yau threefolds, and two nodes are 
connected Si — £>2 if and £>2 are related by an extremal transition, i.e., 
there is a Calabi-Yau 3-variety X that admits a crepant resolution X G Si, 
and there is a Calabi-Yau degeneration tt : Y —)• A such that X = Xq, and 
Xt € 'S2 for any t G A*. It is shown in [301 [HI H [33] that many known 
Calabi-Yau threefolds are connected to each other in the above sense. By 
combining the connectedness conjecture and Theorem 15.51 and Theorem 15.31 
we reach a metric version of connectedness conjecture as follows: if de¬ 
notes the set of Ricci-flat Calabi-Yau threefolds {X,co) with volume 1, then 
the closure of in {M.et,dcH) is path connected, i.e., for any two 

points Pi and p 2 G there is a path 

7 : [0,1] —^ C {Met, den) 

such that Pi = 7(0) and p 2 = 7(1)- 

Given a class of Calabi-Yau 3-manifolds known to be connected by ex¬ 
tremal transitions in algebraic geometry. Theorem 15.51 can be used to show 
that the closure of the class of Calabi-Yau 3-manifolds is path connected 
in {Met, dan)■ In |3Q|, it is shown that all complete intersection Calabi- 
Yau manifolds (CICY) of dimension 3 in products of projective spaces are 
connected by conifold transitions. Furthermore, in mm a large number 
of complete intersection Calabi-Yau 3-manifolds in toric varieties are veri¬ 
fied to be connected by extremal transitions, which include Calabi-Yau hy¬ 
persurfaces in all toric manifolds obtained by resolving weighted projective 
4-spaces. As a corollary of Theorem 15.51 we obtain the following result. 

Corollary 5.6 ([73|). i) 

{Cy{X,Kx)\CICY threefold X in products of projective spaces} 

all such X 

is path connected in {Met, don)- 

ii) There is a path connected subset of which contains all of CICY 
threefolds in products of projective spaces, and Calabi- Yau hypersur¬ 
faces in toric f-manifolds obtained by resolving a weighted projective 
4-space. 

Finally, we remark that many of the above results are expected to have 
some analogues for G 2 and Spin{7) manifolds. Like Calabi-Yau threefolds 
in the string theory, G 2 and Spin{7) manifolds play some roles in the M- 
theory (cf. [l^). There are also topological changing processes for G 2 and 
Spin{7) manifolds, for example the G 2 -flop transition (see [40l[l8|), which 
is an analogue of extremal transition for Calabi-Yau threefolds. Theorem 
15.51 provides a trivial example for this situation. Let X, Xf, Xg, tvt and eVs 
be the same as in Theorem 15.51 with dime X = 3, and gt (respectively gg) be 
the corresponding Riemannian metric of cot (respectively Cg). It is standard 
that the holonomy groups of gt = Qt + dO"^ and (js = Gs + dO'^ belong to G 2 
(cf. [Ill ). If we denote Xt = Xt x and X = X x 5^, Theorem 15.51 implies 
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that 

{Xt,gt) ^ {Y,dY) ^ when t 0, s 0, 

where Y is homeomorphic to X x 5^, and dy is induced by a G 2 -metric on 
Xreg X 5'^- However since neither advanced PDE nor algebraic geometry is 
available in this case, it is difficult to obtain a general result (cf. [301 IE])- 
For instance, it is still open to construct compact G 2 and Spin{7) spaces 
with isolated singularities (cf. [40] ), which should be an analogue of Theorem 

EH 


6 . Collapsing of Calabi-Yau manifolds 


We finish this paper with a brief review of the collapsing of Ricci-flat 
Calabi-Yau manifolds, where our knowledge is more limited comparing to 
the non-collapsing case. 

Let {Xk,ujk) be a sequence of Ricci-flat Kahler-Einstein Calabi-Yau man¬ 
ifolds with the normalized volume Voltjj,(Yfc) = v. If the diameter of ujk 
tends to infinite when A; —)• 00 , i.e. 


diam^j^(Yfc) 00 , 


then the same as in the proof of Proposition 13.21 we obtain 


Voltj^ (1)) ^ 


8nVol,^jYfc) 
diam,^jYfc) - 2 


for any metric 1-ball by Theorem 4.1 of Chapter 1 in [78] or Lemma 

2.3 in [69], i.e. {Xk,ujk) must collapse. 

Most of the studies of the collapsing of Ricci-flat Calabi-Yau manifolds are 
motivated by the following version of SYZ conjecture. Let (Af —)• A,C) be 
a degeneration of polarized Calabi-Yau manifolds of dimension n. If 0 G A 
is a large complex limit point (cf. [3S]), a refined version of SYZ conjecture 
due to Gross, Wilson, Kontsevich and Soibelman (cf. [38l[5ll[55|) says that 


diam(^j(Yi) ~ v^-log|tl, and 


(W,diam-2(Xt)a;t) ^ (R,ds) 

in the Gromov-Hausdorff sense. If /i*’^(Yt) = 0, 1 ^ i < n, then B is 
homeomorphic to Furthermore, there is an open subset Bq d B with 
codimRR\Ro ^ 2, Bq admits a real affine structure, and the metric ds is 
induced by a Monge-Ampere metric qb on Bq, i.e. under affine coordinates 
xi, • • • , there is a potential function (j) such that 

55 = dxidxj, and det{ ^ ) = 1. 

C)XiC)Xj C/XiC/X j 

V 

In [55] . it is further conjectured that the Gromov-Hausdorff limit B is home¬ 
omorphic to the Galabi-Yau skeleton of the Berkovich analytic space asso¬ 
ciated to Y X A A* by taking some base change if necessary, which gives 
an algebro-geometric description of B. This conjecture is clearly true for 
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Abelian varieties, and is verified by Gross and Wilson for fiberd K3 surfaces 
with only type Ii singular fibers in [38]. 

Let / ; —)• S be an elliptically fibered K3 surface with 24 type I\ 

singular hbers, and let ujk be a sequence of Ricci-flat Kahler-Einstein metrics 
on X with cjI independent of k. If —)• 0, for a 6 G R, then 

[38] proves that 

i^kXk^k) 

in the Gromov-Hausdorff sense, where ds is induced by a special Kahler 
metric gs on the complement Bq of the discriminant locus. In a local coor¬ 
dinate chart U C Bq, if = {U x C)/A, where A = Spang{l,T} and 

T is a holomorphic function on U, i.e. the period of Hbers, then Im(T) > 0 
and gB = Im(r)(iy (8) dy. Furthermore, [38] shows very explicit asymptotic 
behaviour of ujk when approaching to the limit. Near singular fibers, CfcCJfc is 
asymptotic to the Ooguri-Vafa metric, and on /“^(Rq)) (-k^k is exponentially 
asymptotic to the semi-flat metric ujgf^k, i-O- 

\\ekiOk - ujsf,k\\c°^^ ^ Ge , 

where 

Ws/,fc = (lm{T)dy Ady + , 

and 2 is the coordinate on C. By using the HyperKahler rotation, the 
hypothesis of this result can be explained as a sequence of complex structures 
approaching to the large complex limit while keeping the polarization fixed. 
Hence the collapsing version of SYZ conjecture holds for certain K3 surfaces. 

There are generalizations of Gross and Wilson’s theorem to the higher 
dimensional case. Let A be a Galabi-Yau n-manifold admitting a holo¬ 
morphic fiberation / : A —)■ Z, where Z is a normal projective variety of 
dimension m, m < n. If Zq C Z is the complement of the discriminant 
locus of /, then the fiber Af, = 6 G Zq, is a Galabi-Yau manifold of 

dimension n — m. Let az be an ample class on Z, ax be an ample class on 
A, and Us & az + sax, s G (0,1], be the unique Ricci-flat Kahler-Einstein 
metric. The convergence of cOg is studied in [95], and it is shown that ujg 
converges to f*uj in the current sense, where w is a Kahler metric on Z such 
that the Ricci curvature of w is the Weil-Petersson metric for smooth fibers, 
i.e. Ric(a;) = ujwp on Zq. The convergence is improved to be smooth in 
[36j under the further assumption that general fibers are Abelian varieties. 
Moreover, we obtain that {Zq,oj) can be local isometrically embedded in any 
Gromov-Hausdorff limit of (A, a;^), and by using the HyperKahler rotation, 
we proved a version of SYZ for higher dimensional HyperKahler manifolds 
in [36]. If the base Z has dimension one, [37] shows that (A, a;^) converges 
to (Z, uj) in the Gromov-Hausdorff sense, which extends Gross-Wilson’s re¬ 
sult to all elliptically fibred K3 surfaces. Later, better regularities of the 
convergence are obtained in [421 196] under more general assumptions. 
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All these progresses are either for the case of a fixed Calabi-Yau manifold, 
or that we can use the HyperKahler rotation to convert the question to that 
case. The collapsing version of SYZ conjecture is still widely open beyond 
the HyperKahler setting. In a recent preprint an analogue of this 

conjecture is obtained for canonical polarized manifolds. 

Appendix A. Finiteness theorem for polarized manifolds 

by Valentino Tosatti, Yuguang Zhan^ 

We show a finiteness theorem for polarized complex manifolds. 

There are many previous finiteness theorems about diffeomorphism types 
in Riemannian geometry. Cheeger’s finiteness theorem asserts that given 
constants D, v, and A, there are only finitely many n-dimensional compact 
differential manifold X admitting Riemannian metric g such that diamg(Y) ^ 
D, Volg(Y) ^ V and the sectional curvature |Sec(( 7 )| ^ A. This theorem can 
be proved as a corollary of the Cheeger-Gromov convergence theorem (cf. 
IMllZS]), which shows that if {Xk,gk) is a family compact Riemannian man¬ 
ifolds with the above bounds, then a subsequence of {Xk,gk) converges to 
a C^’^-Riemannian manifold Y in the C^’^-sense, and furthermore, Xk is 
diffoemorphic to Y for A: ^ 1. In [3], Cheeger’s finiteness theorem is gen¬ 
eralized to the case where the hypothesis on the sectional curvature bound 
is replaced by the weaker bounds of Ricci curvature |Ric( 5 )| ^ A and the 
La-norm of curvature ||Sec(( 7 )||^^ ^ A. Furthermore, if n = 4 and g is an 
Einstein metric, then the integral bound of curvature can be replaced by a 
bound for the Euler characteristic. 

We call {X, L) a polarized n-manifold, if Y is a compact complex manifold 
with an ample line bundle L. In m. a hniteness theorem for polarized 
manifolds is obtained. More precisely. Theorem 3 of m asserts that for 
any two constants V > 0 and A > 0, there are finite many polynomials 
Pi,-- - ,Pi such that if {X,L) is a polarized n-manifold with ci(L)” ^ V 
and —ci(Y) • ci(L)"'“^ ^ A, then one Pi is the Hilbert polynomial of {X, L), 
i.e. Pi{i') = x(Y, L^). Consequently, polarized n-manifolds with the above 
bounds have only finitely many possible deformation types and finitely many 
possible diffeomorphism types. 

For any constants A > 0 and D > 0, denote 

fn(n,A, D) = {(Y, L) I 3a; G ci(L) with Ric(a;) ^ —Xu, diamaj(Y) ^ D}. 
Then 

ci(L)^ = n!VoL(Y) = V{n,X,D) 

^The first-named author is supported in part by NSF grant DMS-1308988 and by a 
Sloan Research Fellowship. This work was carried out while the hrst-named author was 
visiting the Yau Mathematical Sciences Center of Tsinghua University in Beijing, which 
he would like to thank for the hospitality. We also thank S. Boucksom for very helpful 
discussions, and for pointing out that such hniteness results are well-known thanks to |51 |. 
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by the Gromov-Bishop comparison theorem, and 

—ci{X) ■ ci(L)"“^ = — / Ric(ti;) ^ nXV. 

Jx 

The following proposition is a corollary of Theorem 3 in m- Here we give 
an analytic proof. 

Proposition A.l. Polarized manifolds in Tl(n, A, D) have only finitely many 
possible Hilbert polynomials, and for any {X, L) G Tl(n, A, D) we have 

(A.l) \x{.X,L'^)\^C{n,\,D)u^, 

for all V ^ 1, where C{n, X, D) is a eonstant depending only on n,X and 
D. Furthermore, any {X,L) G Tl(n, A, D) ean be embedded in the same 
CP^ with L™ = Oj.piv(l)|x for integers m = m{n,X,D) > 0 and N = 
N{n, A, D) >0. Asa consequence, manifolds in Tt(n, A, D) have only finitely 
many possible deformation types and finitely many possible diffeomorphism 
types. 

Proof. Let {X,L) G Tt(n,A,Il), and ui G ci(L) be a Kahler metric with 
Ric(w) ^ —Xui, and diamtj(Al) ^ D. Fix a Hermitian metric h on L with 
curvature equal to u. The Gromov-Bishop comparison theorem gives 

1 ^ ci(L)” = n!VoL(A:) = V{n,X,D). 

We would like to estimate hP’P{L'^) = dimH^’P{X, L'^), 0 ^ p ^ n, for z/ ^ 1. 
We denote by (•, •) the pointwise inner product on Q^’'P{X, L'^) (smooth Re¬ 
valued (0,p)-forms on X) induced by the metric on whose curvature 
is and by | • | its corresponding norm. For any s G r2*^’P(X, R^) we 

have 

A|sp = = |Vsp -|- |Vsp -|- (As,s) -|- (s, As), 

where As = 5 *-^VjVjs is the rough Laplacian and As = 5 *-^VjVjS its “con¬ 
jugate”. Gommuting covariant derivatives we get 

As = As — nns — Ric®(s), 

where if p > 1 and we write locally s = sr- A • • • A with sr- t- 

local smooth sections of R^, then 

Ric«(s) = '^g^^Rki- 
i=i 

while if p = 0 we let Ric^(s) = 0. This gives 

A|s|^ = |Vsp -|- |Vsp -I- 2Re(As, s) — z^n|sp — (s, Ric**(s)). 

Next, we apply the Bochner-Kodaira identity [64t Theorem 6.2], which for 
any s G FL^^^{X,L^) gives 

XqS = —As -|- i^s -|- Ric^(s), 
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and so if we assume that AqS = 0, we obtain 

A|sp = |Vs|^-|-|Vs|^-|- 2(Ric**(s), s) + 2v\s\^ — vn\s\^ — (s, Ric**(s)) 

= |Vsp + |Vsp + (Ric**(s), s) — i>{n — 2)|sp, 

noting that (Ric**(s),s) = (s, Ric**(s)). Using that 

(Ric**(s),s) ^ -Ap|sp, 

we finally obtain 

A|sp ^ —{v{n — 2) + Ap)|sp. 

A standard Moser iteration argument (see e.g. [Tj Lemma 2.4]) applied to 
this differential inequality gives 

(A.2) sup jsp ^ A{v{n — 2) + Ap)”' [ jsp—r = A{v{n — 2) + Ap)"||s||| 2 , 

A Jx 

where A depends only on the Sobolev constant of uj and on n. Thus A = 
A{n, V, A, D) by a result of Croke [T^ . 

Now we use the arguments in Lemma 11 and Theorem 12 of the paper 
of Li [59]. By the Hodge Theorem, we have an isomorphism L^) = 

L^), the space of A^harmonic forms in L'^). Let 

for an orthonormal basis Si of 'H^'^{X,L''). The function p is easily seen to 
be independent of the choice of orthonormal basis. Let x £ X such that 

p{x) = sup p > 0. 

X 

Then 

Eo = {s G 'H^’P{X,L’^)\s{x) = 0}, 

is a proper linear subspace of 7i^’P{X, L^), with orthogonal complement Eq. 
We claim that dim Eq ^ (p. If si, • • • ,Sr,r> (p, is an orthonormal basis 
of E^, then there are at, i = !,■■■ ,r, such that = 0. Thus 

UiSi G Eq, which is a contradiction. 

Let si,--- ,Sr G EP'P{X,L'^) be an orthonormal basis of which we 
can complete to an orthonormal basis of 'H^'P{X, L'^) with an orthonormal 
basis Sr+i) • • • ) 'Sa of -^o- We have 

h^'P{Ly)= [ p^ ^ Usup/9 = Usup ( jsip I 

Jx n\ X A vtr / 

fn\ 2 

^ U sup Si 

\Pj i 

^ (^^VA{i^{n-2) + Xpr, 
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using (jA.2p . and thus for any i/ ^ 1 we have 


ix(x,m = 






^ (^VA{i^{n-2)+\p)^ ^ C{n,X,D)i^^, 


thus proving (lA.ip . Since the Hilbert polynomial P of {X,L) is given by 


P{u) = x{X, L'^) = [ e^"i(^)Toddx = aoiy^ + + • • • + a„ G Z, 

Jx 

it follows that we have only finitely many possible values for ao, • • • by 
taking sufficiently many values of v and solving the linear equations. Hence 
(A, L) has only finitely many possible Hilbert polynomials. 

Now, by Matsusaka’s Big Theorem (cf. [63]), there is an mo > 0 de¬ 
pending only on P such that for any m ^ mo, T™' is very ample, and 
H'^{X,L^) = {0}, i > 0. By choosing a basis S of L™), we have an 

embedding <l)s : A CP^ such that L™ = <l)|;C)j^piv(l). We regard <hs(A) 
as a point in the Hilbert scheme 'Hilb^ parametrizing the subshemes of CP^ 
with Hilbert polynomial Pm{v) = P{mv), where N = /i°(A, L™) — 1. Fi¬ 
nally, <hs(A) belongs to finitely many possible components of finitely many 
possible Hilbert schemes, and thus fTI(n, A, D) has only finitely many possible 
deformation and diffeomorphism types. □ 


Note that for any polarized manifold (A, L), the volume of (A, a;) as in 
the definition of fTI(n, A, D) is bounded below uniformly away from zero. We 
remark that a similar diffeomorphism finiteness result fails for the family 
of closed Riemannian manifolds {M,g) of real dimension m with Ric(g') ^ 
—Ag', diamg(A) ^ D,volg{X) ^ v > 0. Indeed Perelman [7l] constructed 
Riemannian metrics on (tfcCP^ for all A: ^ 1, which have positive Ricci cur¬ 
vature, unit diameter and volume bounded uniformly away from zero. 
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